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ABSTRACT: Earth structures are perhaps one of the most crucial infrastructural elements in geoengineering. Naturally 

available geomaterials are generally transitional, i.e. they cannot be classified as soft clays, clean sands or hard rocks 
distinctly. Usually cohesion pervades between the particulates in such material systems wherein cohesive as well as 

frictional interactions exists between grains upon shearing. An accurate description of the mechanical behavior of these 

geomaterials, under a wide variety of loading conditions is very crucial for optimal geoengineering design.  We explore 

the mechanical behaviour of these weakly cemented granular materials through an experimental programme using the 

hollow cylinder testing apparatus. An elastic plastic isotropic single hardening constitutive model proposed by Lade and 

Kim (1988) is used in this study. Utilizing the hollow cylinder experiments, the 13 model parameters (broadly classified 

into elastic, failure, plastic potential, hardening and yield parameters) are determined. We also present the integration of 

the constitutive model and compare the experimental results to the prediction of the behavior of the model. Even through 

the stress strain response obtained from the integration of Lade’s model matches fairly well with the experimental results, 

the volumetric dilation was not well captured. A discussion on the sensitivity of these model parameters in prediction of 

the various components of the stress strain and volumetric strain response is also discussed in detail.  
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1. INTRODUCTION 

Naturally occurring soil deposits are structured due to 

the presence of certain amount of cohesion between the 

grains. The design and construction of earthen 

structures require a complete understanding of the 

mechanical response of these structured or cohesive 

frictional or bonded granular materials under a wide 

variety of loading, drainage and boundary conditions. 

The advent of high performance computing and state of 

the art testing facilities has enriched design and 

prediction of these earthen structures. A crucial 

component during the analysis of these geo- structures 

is the usage of an appropriate constitutive model which 

describes mechanical response of the material used.  

Materials such as weakly cemented sands are known to 

have multiple components such as water filled pores, 

cementation (cohesion) between grains (sand) and inter 

grain-interactions between the sand.  These 

components also lead to multiple operative 

mechanisms such as the plastic deformation due to 

breakdown of cohesion between grains, volume 

changes due to pore collapse and brittle failure due to 

the initiation and propagation of singularities such as 

fracture.  The mathematical framework of plasticity 

theory and its extension through critical state soil 

mechanics has provided enormous impetus for accurate 

description of the response of these mortars and other 

geomaterials.   

This paper presents the results of a series of hollow 

cylinder tests performed at different confining pressure 

along with the prediction exercise of Lade’s single 

hardening elasto-plastic constitutive model for weakly 

cemented granular materials. A short description of the 

model is provided here, in addition to obtaining the 

model parameters from the laboratory elemental tests 

that can be used for benchmarking the model.  A 

discussion on how these model parameters affect the 

prediction capabilities of the chosen material system is 

detailed.   

2. DESCRIPTION OF LADE’S ELASTO-

PLASTIC CONSTITUTIVE MODEL 

A brief summary for the components of Lade's single 

hardening constitutive model (Kim and Lade 1984) is 

given below: 

The stresses used below are effective stresses. The 

model comprises of an elastic stress-strain relation, 

failure function, plastic potential function, and yield 

function, work hardening/softening. Failure is defined 

by the peak of the stress strain plot. 
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2.1 Elastic Stress-Strain Relation 

[        ], the fourth order elastic tensor C
e
 is same 

as for elastic isotropic solid but the elastic modulus (E) 

is derived using the principal of conservation of energy 

(Lade and Nelson, 1987) which is given as 
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the stress tensor and     
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the second invariant of the deviatoric tensor. ν and Pa 

are the poisson’s ratio and atmospheric pressure 

respectively. 

2.2 Failure Criteria 

This failure criterion is modified version of Lade and 

Duncan model (1975) which incorporates the brittle to 

ductile transition at high confining stresses. 
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Where invariant                   
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failure     , otherwise     . m and η are failure 

parameters. 

2.3 Plastic Potential Function 

The plastic potential function is given as 
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Where                             
     

  
   

  and ψ1, ψ2 and μ are plastic potential parameters. 

2.4 Yield Criteria and Work Hardening Function 

Yield surface which is a locus of plastic work in stress 

space delineates the region of the elastic and plastic 

deformation at a given plastic work (Wp) dissipation. It 

represent the set of admissible stresses at certain 

deformed state, stresses lying outside the yield locus 

are inadmissible. The yield criteria is given as 
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, q and α are yield parameters. 

2.4.1For hardening regime 
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for a isotropic compression test   
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3. MODEL MATERIAL 

The in situ soils have some amount of cohesion (c) in it 

due to the presence of clay, organic matter etc. unlike 

pure sand. To model a cohesive frictional material in 

the laboratory, artificial c-φ specimens were prepared 

with ordinary Portland cement (53 grade) and angular 

sand. A small percent of OPC cement (4%) was mixed 

with measured quantity of sand. The specific gravity of 

this weakly cemented sand (weak mortar) used in this 

study is about 2.66. The grain size analysis of this 

weakly cemented sand as shown in the figure 1 

indicates that there is some amount of fines present in 

the model material due to the presence of cement. A 

specialized hollow cylinder mould was used to prepare 

statically compacted specimens at a predefined density 

of 1.6 g/cc with an optimum moisture content of 18%. 

Specimens were prepared and cured under moist 

conditions for a period of 14 days to allow the cement 

to establish cohesive bond between the grains before 

testing it.  

 

Fig. 1 Grain size distribution of the cemented sand used in 

this study 

4. TESTING 

The apparatus used in this study to perform triaxial 

compression tests and isotropic compression tests is a 

hollow cylinder torsion testing apparatus (GDS 

Instruments, U.K.). The advantage of using this 

apparatus over the conventional triaxial apparatus is 

that, this apparatus is capable of independently 

controlling the magnitude and direction of the principal 

stresses. In this study we performed a series of three 

triaxial compression tests at constant confining 

pressures of 150, 300 and 450 kPa. The specimens 

were initially saturated and then isotropically 

consolidated before shearing it. All the tests were 
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performed at the same initial density and under drained 

conditions. Specimens were sheared at a constant 

displacement rate of 0.1 mm/s (0.5%/min - ASTM 

D5102-09) until it reaches an octahedral shear strain of 

about 15%.  

5. DETERMINATION OF LADE’S 

CONSTITUTIVE MODEL PARAMETERS 

The number of parameters required to calibrate or 

benchmark the Lade’s constitutive model is 13 (shown 

in Table 1). These 13 parameters are broadly classified 

into five groups each of which is used to model 

specific aspects of the material constitutive response. 

The elastic response is modeled using three elastic 

parameters like poisson’s ratio ν, M and λ. The elastic 

parameters are obtained from triaxial compression test 

at different confining pressures by unloading and 

reloading the specimen. Lade and Nelson (1987) 

provided the methods and the equations that are used to 

calculate the elastic parameters in detail. The next set 

of parameters i.e. the failure parameters (a, m and η) 

were obtained from a minimum of three triaxial 

compression tests. ‘a’ is the normalized tensile strength 

with respect to the atmospheric pressure. The tensile 

strength of the weakly cemented material is obtained 

from the intercept (c.cot φ) of a Mohr circle fit. The 

other two parameters were obtained from the straight 

line fit between    (
  
 

  
   )and    (

  

  
). ‘m’ controls 

the curvature of the failure surface while ‘η’ governs 

the apical angle. The details of determination of failure 

parameters are given in Reddy and Saxena (1992). The 

plastic potential parameters (Ψ1, Ψ2, μ) which forms 

and important component in relating the stress with 

plastic strain increments by obtained from the triaxial 

compression tests performed. ‘Ψ1’ which governs the 

shape of the plastic potential surface is calculated using 

the equations given by Kim and Lade (1988, a).  ‘Ψ2’ 

controls the intersection with hydrostatic axis and ‘μ’ 

controls the curvature.  ‘Ψ2’, ‘μ’ are obtained from the 

negative of the intercept and inverse of the slope 

respectively from the straight line fit between ξx and ξy 

plot. ξx and ξy are defined clearly by Kim and Lade 

(1988,a). The hardening parameters C and p are 

determined from an isotropic compression test by 

calculating the plastic work during the consolidation 

stage. A plot is made between log (Wp/Pa) and log 

(I1/Pa), the slope of the straight line fit gives the 'p' 

while the inverse-log of the intercept gives the 'C' 

parameter. Yield function is the locus of plastic work. 

The yield parameter ‘h’ is determined by utilizing the 

fact that the stress state at failure and the plastic work 

equivalent hydrostatic stress state are lying on the same 

yield locus. The other yield parameter ‘α’ depends 

upon the stress level and the plastic work. These two 

parameters were obtained using the equations given in 

Kim and Lade (1988,b). 

Table 1: 13 Lade’s model parameters obtained from 

experiments which is used for the prediction exercise 

Elastic parameters ν 0.23 

M 456.89 

λ 0.265 

Failure parameters a 1.125 

m 0.752 

η 251.67 

Plastic potential parameters Ψ1 0.0022 

Ψ2 -2.984 

μ 2.472 

Hardening parameters C 0.000352 

p 1.6 

Yield parameters h 0.998 

α 0.2 

6. RESULTS 

 

Fig. 2 Variation of octahedral shear stress with octahedral 

shear strain at a constant confining pressure of 450 kPa. 

To assess the prediction capabilities of current model, 

simulations were performed and compared with the 

physical experimental results. To simulate the stress 

stain response, a direct single point integration scheme 

was used. The results of these simulations and 

experiments are given in the figures below. Figure 2 

shows the variation of octahedral shear stress (     

  /3 of deviatoric stress) with octahedral shear strain 

for a triaxial compression test performed at a confining 

pressure of 450 kPa along with the simulation results. 

The volumetric response of this triaxial compression 

test along with the simulations is given in the figure 3.  
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Fig. 3 Variation of volumetric strain with octahedral shear 

strain at a constant confining pressure of 450 kPa. 

From the figure 2 it is evident that the prediction of this 

constitutive model matches well with the experimental 

results. The volumetric response plot shown in figure 3 

depicts that the model is successful in predicting the 

initial contractive response exhibited by the specimens 

during experiments. However the dilative response 

possessed by the material is not captured by the model.   

A similar model prediction (unable to capture the 

dilative response) was observed when specimens were 

sheared at 150 and 300 kPa. The model response is 

very sensitive to the parameters especially the failure 

and plastic potential parameters. The choice of 

experiments to obtain the model parameters is decisive 

for the integration response. For different kind of 

materials, the ranges of confining pressures used to 

calibrate the constitutive model also plays a vital role 

e.g. for rock, concrete and cement mortar the 

experiments performed at different confining pressure 

should be able to capture the brittle ductile transition 

(Kim and Lade 1984).  

7. CONCLUDING REMARKS: 

The most commonly used models like Mohr Coulomb, 

Modified Cam clay, Hoek and Brown etc. are unable to 

exactly capture some important phenomenon such as 

liquefaction, cyclic mobility, dilation, hardening/ 

softening, Bauschinger effect, phase transformation, 

quasi steady state, ultimate steady state etc. With the 

advent of advanced constitutive models which takes 

into account cross anisotropy, effect of intermediate 

principal stress, non-associativity, non-coaxiality, well 

refined hardening/ softening etc., the current state of 

constitutive modeling provides a better understanding 

of the mechanical response of cohesive frictional 

granular materials.  

In this study, we use an advanced constitutive model 

for prediction of the mechanical behaviour of weakly 

cemented sands. The Lade’s isotropic single hardening 

elastic plastic constitutive model predicts the stress 

strain response fairly accurately however fails to 

predict the volumetric dilation. Even though advanced 

phenomenological constitutive models like Lade utilize 

a slightly larger number of laboratory tests in obtaining 

these 13 model parameters, a greater reliability in 

prediction of the mechanical behaviour of weakly 

cemented sands is necessary. Hence modifying the 

Lade’s elastic plastic model in better prediction of 

volumetric dilation for these weakly cemented 

materials is essential. Additionally alternate approaches 

like breakage models; hypoplastic models etc. can also 

be utilized in order to estimate the mechanical 

behaviour of weakly cemented granular materials 

accurately.    
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