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ABSTRACT: The performance of the slopes is evaluated in terms of the factor of safety, where the shear strength mobilized along the failure 

envelop is compared with the shear stresses generated due to self-weight of the soil mass and surcharge loading on the slope. The uncertainties 

associated with the shear parameters of the soils make deterministic modelling potentially misleading. The traditional engineering approaches 

like method of slices used for evaluating the slope stability are frequently questionable as they do not adequately account for uncertainties 

included in analytical modelling and natural variability. The present paper builds on probability approaches to develop reliability based design 

optimization (RBDO) methodology. It produces a more accurate and informative method in geotechnical sustainability of slopes. The mean 

and standard deviations associated with unit weight, cohesion and angle of internal friction of the soil are taken into account in the probabilistic 

optimization. Reliability analysis of soil slopes is presented using first order reliability method (FORM) i.e. Hasofer-Lind method. The results 

of these methods are compared using Morgenstern-Price methods of slope stability. A limit state function is formulated against sliding failure. 

Reliability indices against sliding failure have been computed. An algorithm is proposed to locate the critical surface under general conditions 

with general constraints. Then, a procedure is presented for locating the surface of minimum reliability index for slopes. The effect of 

variability associated with friction angle of the soil on coordinates of critical centre and reliability indices is demonstrated. The algorithm has 

been illustrated to be computationally superior to deterministic optimization routines. 

KEYWORDS: Slope stability, critical centre, uncertainty, variability, reliability, FORM

  

1 INTRODUCTION 

A slope may have number of possible slip surfaces and 

corresponding centre. Locating the most potential critical centre 

is a complex task as the slopes with same geometry and same 

level of safety factor (FS) may fail at any potential slip surfaces 

influenced by the variability associated with the geotechnical 

properties of the soil. A general search for locating critical slip 

surface in slopes is achieved by minimizing the factor of safety 

value. These are termed as deterministic analysis which are 

most widely used and adopted by the research community for 

locating critical slip surfaces. The safety factor calculations can 

be done using classic stability analysis methods like ordinary 

method of slices and Bishop’s simplified methods. It 

emphasizes the need for an optimized approach for locating 

potential slip surfaces. Celestino and Duncan (1981), Baker 

(1980), Nguyen (1985), Li and White (1987), Arai and Tagyo 

(1985), and Chen and Shao (1988) reported studies on 

optimization technique for locating critical slip surface in slope 

stability analysis. However, practical feasibility and application 

of these methods are still need some more attention (Malkawi 

et al. 2001). 

The studies reported by Bergado and Anderson (1985), 

Chowdhury and Xu (1994) and Li and Lumb (1987) discussed 

the search criteria in locating critical surfaces. The authors 

carried out the parametric studies considering various slip 

surfaces which are not necessarily need to be associated with 

the minimum factor of safety or minimum reliability index. The 

methodology for obtaining minimum reliability index is 

reported by Hassan and Wolff (1999). Probabilistic methods are 

therefore gaining prominence in the recent years and 

successfully implemented in developing a comprehensive 

approach for locating potential slip surfaces. 

 

 

Consideration of variability associated with the unit weight (), 

cohesion (c) and friction angle ( ) makes the probabilistic 

approach to be superior to deterministic approaches. Further, 

this method considers that the minimum reliability index occurs 

on some critical probabilistic surface that need not be coincide 

with the critical deterministic surface (Hassan and Wolff, 1999). 

Moreover, computing critical and minimum reliability indices 

need some extra effort and time.  

The review of the literature clearly indicates that there are no 

observations on the effect of variability associated with the 

shear parameters of the soil on the location of the critical centre 

and the critical slip surfaces. The effect of the geometrical 

properties of the soil slopes on reliability of soil slopes is not 

given much consideration. Therefore, this study attempts to 

address these issues. A robust procedure is therefore presented 

in the current study for locating the critical probabilistic surface. 

The current methodology uses the Morgenstern-Price method of 

slices as ordinary method of slices and simplified Bishop’s 

methods may not adequately include the interstice forces (Li 

and Lumb, 1987). The Hasofer-Lind reliability index for non-

normal variables are computed using transformation of non-

normal to normal variables. First order reliability method 

(FORM) has been adopted in this work to develop a 

probabilistic framework for evaluating the stability of soil 

slopes. The basic function in FORM for reliability analysis is to 

determine the most probable point of failure (MPP). In this case 

the limit state surface is approximated by a tangent plane at the 

design point that will eventually converge to the MPP of failure. 

This can typically be accomplished by using an optimization 

search algorithm. 
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2 METHODOLOGY 

2.1 Limit State Function 

In the present investigation, the concepts of reliability are 

applied in the calculation of the reliability indices, which 

measure the reliability of slope by using the limit equilibrium 

technique  i.e. method of vertical slices. The common features 

summarized by Zhu et al., (2003) for the methods of slices have 

been considered in this study. In the stability analysis, FS 

assumed to be constant along the entire failure surface. Hence, 

an average value of FS along the slip surface is obtained instead 

of the actual FS which varies along the failure surface as in a 

progressive failure. The factor of safety is the basis for defining 

performance function while searching for the critical slip 

surface in slopes. 

 

Fig. 1 Soil slope with circular slip surface 

2.2 Morgenstern-Price Method 

Morgenstern and Price (1965) obtained the FS using the 

summation of forces tangential and normal to the base of a slice 

and the summation of the moments about the centre of the base 

of each slice. The equations which are written for a slice of 

infinitesimal thickness, are solved for computing FS using 

modified Newton-Raphson iteration technique. An arbitrary 

assumption is required to be made with respect to the direction 

of the resultant of the interslice and normal forces in order to 

arrive at the solution. The Morgenstern-Price procedure 

assumes that the shear forces between slices are related to the 

normal forces in many ways. In this study the inter-slice force 

function is taken according to Zhu et al. (2003) as 

( ) tan sini

i
f x

n



 
  

   
  

                                                 [1] 

Where   = angle of the resultant interslice force with the 

horizontal,   = 1 and   = 1 are constants, and n = number of 

slices. Considering the force (f) and moment (m) equilibrium of 

the whole soil mass and solving for the factor of safety, we get: 
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where , c = cohesion of the soil,  = unit weight of soil, H = 

height of soil slope, Ni = the total normal force on the base of a 

slice,  = internal frictional angle, hoff = the horizontal distance 

from the centroid of each slice to the centre of rotation, dli = 

length of slice along the base, θi = the angle between the tangent 

to the centre of the base of each slice and the horizontal and w i 

= weight of a slice.  

2.3 Computation of Factor of Safety 

The equations 2 and 3 are collectively used to determine the 

factor of safety 
MPFS   which satisfies both the moment and 

force equilibrium simultaneously. In order to solve for 

Morgenstern-Price method, the equations of 
_MPf

FS and 

_MPm
FS are calculated. This procedure is repeated until the 

values of the inter-slice force function converge. The values of 

_MPf
FS and 

_MPm
FS  computed in the above step are not 

necessarily equal. If 
_MPf

FS  
_MPm

FS  means that the force 

and moment equilibrium are not satisfied simultaneously. 

Hence the computation must be repeated with various trial 

values of ‘δ’ until 
_MPf

FS  
_MPm

FS . When the convergence is 

obtained, that value is then taken as the factor of safety 
MP

FS =

_MPf
FS =

_MPm
FS  for the slope. The performance function of soil 

slope against sliding failure can be expressed as. 

  1
MP

g x FS 
                                                                   [4] 

The performance function g(x) ≤ 0, indicates the slope failure 

and g(x) > 0 indicates the stable slope. The first order reliability 

method (FORM) is employed in this work for forming the 

performance function which make uses the first order Taylor 

series. This method considers the first moment of the random 

variables. The Hasofer and Lind (H-L) approach is adopted in 

this work for calculating the reliability index. It is one of the 

most widely used reliability calculation methods which is an 

improvement over the Cornell’s safety index and this method 

avoids its lack of invariance problem. It is given in Eq. [5] 

below. 
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Where, ku and kx  are defined in standard normal and physical 

spaces respectively.  
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3 RESULTS AND DISCUSSION 

The range of deterministic parameters and random variables 

considered in the present study are given in Table 1. Since the 

surfaces of sliding for many soil slope failures have been 

observed to follow approximately the arc of a circle, it is 

assumed that the shape of slip surface is circular in the current 

study. The effect of COV of c/γH  and COV of  on critical 

centre coordinates (
c

x /H ,
c

y /H ), critical radius of circle (

c
R /H ) and critical reliability index (

MP
 ) is presented in Table 

2 to 5.  

To evaluate the proposed algorithm, a parametric study has been 

conducted to compare the deterministic and probabilistic 

critical centre. The results are shown in Tables 2-6 for c/H=0.1, 

COV of c/H = 10%, 20% and 30%, = 20o
 and 30o, COV of 

and It can be noted that for all FSMP, the MP need 

not to be minimum as in accounts for variability associated with 

geotechnical parameters.  

Table 1 Mean and coefficient of variation (COV) values for 

Geotechnical Properties considered in this study 

Random 

Variable 

Statistics 

Mean COV(%) Distribution 

/c H  0.1-0.5 10-30 Normal 

ϕ 10o-40o 5-20 Lognormal 

 

 

 

 

Table 2 Critical slip surface values of deterministic and probabilistic approaches for mean value of c/H=0.1, COV of c/H = 10%, mean value 

of = 20o and COV of  

  
(deg) 

Deterministic study Probabilistic study 

c
X  

c
Y  

c
R  

MP
FS  

c
X  

c
Y  

c
R  

MP
 

10 2.77 3.27 3.91 3.59 2.77 4.13 4.59 9.34 

20 1.65 1.53 1.86 2.56 1.65 2.40 2.53 7.22 

30 1.23 1.53 1.65 2.37 1.23 1.53 1.65 6.59 

40 0.69 1.53 1.26 1.86 0.69 1.53 1.26 5.25 

50 -2.06 3.27 3.85 1.64 -2.06 3.27 3.85 4.48 

60 -0.52 1.53 1.54 1.10 -0.52 1.53 1.54 1.35 

70 -0.74 1.53 1.70 1.27 -0.74 1.53 1.70 -1.01 

80 -2.12 3.27 3.89 100 -0.32 0.67 0.61 -1.31 

 

Table 3 Critical slip surface values of deterministic and probabilistic approaches for mean value of c/H=0.1, COV of c/H = 10%, mean value 

of = 30o and COV of  

   
(deg) 

Deterministic study Probabilistic study 

c
X  

c
Y  

c
R  

MP
FS  

c
X  

c
Y  

c
R  

MP
  

18.44 1.15 2.60 2.77 3.13 0.05 1.80 1.80 11.04 

21.80 0.38 3.20 3.22 2.77 0.38 3.20 3.22 10.47 

26.57 0.15 2.80 2.80 2.39 0.15 2.80 2.80 9.25 

33.69 -0.08 2.20 2.19 2.01 -0.08 2.20 2.19 7.64 

38.66 -0.33 2.20 2.22 1.83 -0.33 2.20 2.22 6.70 

45.00 -0.58 2.00 2.07 1.67 -0.58 2.00 2.07 5.68 

53.13 0.00 1.20 1.17 1.48 0.00 1.20 1.17 4.65 

63.44 -0.53 1.40 1.49 1.21 -0.53 1.60 1.65 2.88 

Table 4 Critical slip surface values of deterministic and probabilistic approaches for mean value of c/H=0.1, COV of c/H = 20%, mean value 

of = 20o and COV of  

   
(deg) 

Deterministic study Probabilistic study 

c
X  

c
Y  

c
R  

MP
FS  

c
X  

c
Y  

c
R  

MP
  

40 0.09 1.53 1.45 1.44 0.09 1.53 1.45 2.45 

50 -0.26 1.53 1.45 1.31 -0.26 1.53 1.45 1.72 

60 0.08 1.53 1.45 1.29 0.08 1.53 1.45 2.12 

70 -0.14 1.53 1.45 1.16 -0.14 1.53 1.45 1.24 

80 -0.32 2.40 2.13 1.51 -0.32 2.40 2.13 3.14 
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The effects of COV of c/Hand COV of on deterministic 

and probabilistic critical centre and the corresponding FSMP, MP 

values are presentedinables 2 to 4 for various slope angles (

 ). It can be observed from Table 2 that the radius of critical 

slip circles has been decreased with increase in the value of ‘

 ’ from 10o to 40o. This indicates that the slip circles are 

moving close to the crest of the slope and the area of the failure 

zone is localized. Similar trend is observed when ‘ ’ is 

increased from 60o to 80o. but at  = 50o, the radius is found to 

be largely increased indicating that the large size of the failure 

zone from crest to toe of the slope. The magnitudes of FSMP and 

MP  decrease with the increase in values of ‘ ’ when c/H = 

0.1, COV of c/H = 10%, = 20o, COV of and = 30o, 

COV of respectively. Similarly, the factor of safety 

(FSMP) is reduced with increase in the values of ‘ ’. However, 

no particular trend is observed with MP due to consideration of 

variability associated with COV of c/H and COV of An 

observation can be made from Table 4 that the slip circles are 

formed at a constant value of Yc. It may be due to change in the 

exit point at  toe portion but constant entry portion at crest 

portion. 

4 CONCLUSIONS 

This paper presents an efficient search algorithm for locating 

critical slip surfaces using probabilistic methods. This algorithm 

can be gainfully utilized for determining local minima. 

Reliability technique used in this work is based on FORM which 

obtains critical reliability index value. The analysis is carried 

out using well accepted method of slope stability i.e. 

Morgenstern and Price method. The proposed procedure 

illustrates the determination of the deterministic and 

probabilistic critical failure surfaces where the minimum factor 

of safety and maximum probability of failure are calculated. 

The current study discusses the significance of considering 

variability associated with soil shear parameters and its impact 

on the slope reliability. 
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